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SOME RELATTONS BETWEEN WIND AND THERMAL STRUCTURE
OF STEADY STATE HURRICANES

Herbert Riehl
Colorado State University

ABSTRACT

Several simple integrations are performed to determine to what
extent a steady, symmetrical hurricane model can be used to approxi-
mate observed storm structure.

A two-layer model with inflow and outflow is considered. In
the outflow, the absolute angular momentum about the vertical axis
at the hurricane center is conserved. In the inflow, conservation
of potential vorticity is assumed. For specified outer boundary con-
ditions this assumption determines the distribution of momentum trans-
port from air to ocean and therewith the radial profile of the tan-
gential wind component.

The local heat source at the ocean surface is assumed to supply
the energy for the generation of hurricane winds. Given this heat
source and the vertical wind shear between inflow and outflow layers
from the dynamic model, a relation must exist between heat source and
momentum sink at the air-water interface, if a particular wind field
is to exist in steady state. This relation is computed.

Various empirical tests are performed to assess the degree of
reality of the model. Observations from hurricanes between 1945 and
1958 are used. Most observational material is taken from research
missions conducted by aircraft of the National Hurricane Research Pro-
Ject., Tt is found that the crude model gives a rather good approxi-
mation to several hurricanes, especially the more intense ones. But
it cannot explain all measurements taken by NHRP; of course, steady
state did not exist in all situations investigated by aircraft.

Tt may be concluded that computations with steady, symmetrical
models are relevant at least to partial understanding of hurricanes.




1. INTRODUCTION

In a recent paper Malkus and Riehl [7] computed inflow trajectories into
steady state hurricanes through integration of simplified equations of motion.
They then related this low-level model to oceanic heat source distribution and
to atmospheric energy budget requisite for maintaining a steady storm.

The aim of this paper, following [7] and Haurwitz [3], is to describe,
in quantitative terms, some features of tropical storm circulations observed
in a large fraction of cases. The particular problem to be discussed is this:
In hurricanes, the cyclonic tangential wind component decreases upward,
especially above the middle troposphere. This decrease, at any particular
radius, must be related to the transfer of angular momentum from air to ocean
inside this radius. Further, given essentially the appropriate thermal wind
relationship, the vertical .shear of the tangential wind also must be related
to the radial temperature gradient and, in turn, to the oceanic heat source
thought to be mainly responsible for the existence of lateral temperature gra-
dients inside hurricanes. Thus, there must be some relations between heat
source and momentum sink in the hurricane interior, so that a particular wind
Tfield can exist in steady state.

These relations will be explored with simple and approximate integrations.
The problem, as posed, demands that the earlier one-layer investigation be ex-
tended at least to two layers: the inflow and outflow regimes. An essential
assumption made in the previous work is retained -- that of a steady symmetri-
cal vortex. Though research aircraft missions and synoptic data have demon-
strated important asymmetries and meso-structural details of hurricanes, the
symmetrical model remains attractive because of its simpliecity and because
the extent to which hurricane structure can be computed with this model has
not been ascertained.

The presentation is divided into the following parts:

(1) Evidence for a relation between oceanic heat source and surface pressure
distribution.

(2) Specification of the tangential velocity field; kinetic energy computa-
tions.

(3) Relation between maximum wind, vertical wind shear, and heat source,.

(4) Relation between heat source and momentum sink for steady velocity fields.

(5) Comparison of computed and observed hurricane structure.

2. OCEANIC HEAT SOURCE AND SURFACE PRESSURE IN HURRICANES

Given a troposphere with moist-adiabatic stratification up to the level
of zero buoyancy relative to a mean tropical atmosphere of summer (Jordan
[4]), Malkus and Riehl [7] integrated -the hydrostatic equation from 100 mb, -
assumed undisturbed - to the surface over a limited range of equivalent poten-
tial temperatures (Qe) of interest for hurricane calculations. With these

specifications the hydrostatic equation can be written



b

- &p = 2.5 80, (1)

where Py is surface pressure expressed in mb. and Ge'is in degrees K. The
applicability of this relation, first used to correlate radial gradients of
Py and Oe in a given storm, can be applied to a comparison of different
storms. As evidenced by the great majority of research missions undertaken
by the National Hurricane Research Project of the United States Government,
the wall cloud of hurricanes is almost vertical; nearly constant Qe with

height may be expected there. On a number of research missions a B-47 air-
craft operated by the U. S. Air Force penetrated the wall cloud at 235-250
mb. The temperature reading in cloud at the inner edge of the wall should
give the warmest temperature and also the highest Qe in a storm derived

.

through heat transfer from sea to air in the storm. Miss Margaret Chaffee,
Woods Hole Oceanographic Institution, determined these Qe values for all

available cases using all existing observationaltools for the specification.

The Ge values may be related to surface pressure at the inner edge of

the eye wall. In practice, central pressures are obtained from dropsonde ob-
servations inside an eye where, on occasion, pressure may be considerably
lower than in the eye wall. The pressure decrease from eye wall to eye in-
terior is without interest for purposes of this paper. The mass circulating
from the outside through the rain area does not move through this pressure
drop which, therefore, is not utilized for the generation of wind energy.

In several cases, notably hurricane Helene (1958), pressure at the eye wall
(pc) was estimated as closely as possible with present tools of observation.

Because the pressure profile is so steep in just this part of hurricanes,

only a first approximation can be expected; it may be that surface pressures,
as finally estimated, are still a little low.

Figure 1 shows the relation between P, and Ge, with the variables de-

termined as just described. Evidently there is a good correlation. The
question is how the slope of the linear regression line compares with that
to be expected according to the hydrostatic relation expressed in equation
(1). It is found that

p' = - 2.56 Qe-'

wherep' is the pressure departure from 1005 mb. and Oe' is the departure

from 350°k. The result is satisfactory and demonstrates that the eye wall
pressure variation of different storms is produced indeed by variation in
oceanic heat source strength.

We now wish to relate this heat source to the wind structure of hurri-
canes. Toward this end we shall at first compute a simple model of the dis-
tribution of the tangential wind component.
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3. MODEL OF HURRICANE WIND STRUCTURE

The equations of motion in polar coordinates, neglecting lateral fric-
tion, are expressed by

EZQ + XQﬁE + fv. = - 1 op + L Bsz | (2)
dat T r p o0 p oz ’

2
f‘il_'-ig__fv __laP.J,.l_aTrZ (3)
at T 8 “padr p oz

’

Notation is as follows: A and v, are tangential and radial wind components

positive along © and r (fig. 2); t is time, z height, p density, f the Corio-

lis parameter, T, the shearing stress in the © - z plane and the corres-
oz Z

ponding stress in the r-z plane. The absolute angular momentum per unit mass
about the vertical axis at the center of the hurricane

[}

fr2
Dzver + =5

assuming constant Coriolis parameter over the short radial distances involved.
Noting that
dv
afL )
3 - T + VoUs + rfvr,
the first equation of motion, written as momentum equation for the symmetrical
vortex, becomes

al _r aTéZ ()
at ~p oz °
For the balance of forces in the radial direction we shall write merely
v 2
e oh
- 8355 (5)

when referred to isobaric coordinates, where g is acceleration of gravity and
h the height of an isobaric surface. These formulations are considered to be
adequate statements of the situation for the present objectives. It may be
noted that direct use of equation (5) for computation of the temperature
field through the thermal wind approach is -unsatisfactory. This would involve

evaluation of 5
' ng / dz &dnr,

which cannot be done directly. Instead, we shall approach the problem with
the simple and crude model of figure 3 which features a lower inflow and an
upper outflow layer. Whenever a model of this type really holds, £ must
decrease upward since momentum is given off to the ocean along the entire in-
flow path. This will be true even for weak tropical cyclones, as long as
equations (4) and (5) adequately express the principal dynamic relations. It
should be noted that at the eye wall, with completely vertical ascent,
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avbz/bz = 0, implying that the radial temperature gradient vanishes there.
This is not true and constitutes one of the inconsistencies of the model
held unimportant for this study.

We shall be concerned with the region between r, and r, in figure 3,
where r. denotes the radius of maximum wind (V = vg) and r  denotes the ra-
dius where, in the outflow, Vg = 0, i.e., the radius where cyclonic circula-

tion changes to anticyclonic circulation in the upper troposphere. We shall
assume equation (5) to hold for both inflow and outflow layers. Further, for
the inflow equation (4) will be used, while for the outflow we shall set

an.
dt
As shown by Kleinschmidt [5] and Riehl and Malkus [11], conservation of abso-

lute angular momentum is a reasonable first approximation in the outflowing
mass,

= 0. (6)

Outflow layer: From equation (6) it follows directly that

fr 2 £ r.2

0 1
2 =Voi Ty t—m - (7)

Limiting consideration to cases where f ry << Voi? this expression may be
approximated by

r = ( % Voi Ty ) (8)

Inflov layer: Equation (L) may be integrated over an inflow layer of

depth 5z at the top of which ng = 0. Then
aQ.
.[—igp82=-rl'gs, (9)

where ‘Z;S is the surface tangential stress component.

It is well known that the absolute vorticity increases in the converging
inflow into hurricanes, suggesting that the principle of conservation of
potential vorticity may hold in the first approximation, Riehl and Malkus
[11] showed this to be correct, within computational limits, for the inflow
into hurricane Daisy (1958). If comservation of potential vorticity is assum-
ed, the curl of the component of the frictional force along © must be zero.
This component FO = l/p ngz/ Jz. Taking Vx Fg = 0 and noting that the com-

ponent, of the V-operator applicable along r is 1/r d/dr(r ), we have F.r =
const. Integrating with height from the surface to the level where the
stress vanishes, r'zbs - const. | (10)




Empirically, a relation of the form rm'st = const has been found to hold

well for individual storms and for mean hurricanes (Palmén and Riehl 181).
Here m is an exponent with observed range from somewhat greater than 1 to
somewhat less than 1. In this baper we shall set m = 1 as g suitable mean
value and accept equation (10). .

The surface stress commonly is expressed as dependent on the square of
the surface wind,

2
7;8 = Cp Py Voo / cos &, (11)

where CD is the drag coefficient, Pg density at the surface, Yos the tangen-

tial wind component measured at ship's deck level, and & the inflow angle.
Since, in the mean, this angle averages only about 15° around hurricanes
(Ausman [1]), we shall set cos & = 1 for the computations here contemplated.

Equation (11) can be used only with reservations. Evidence has accumu-
lated suggesting that CD rises toward the interior of hurricanes. This evi-

dence, however, is based on computations with Pyramiding assumptions; there
is not a single observation to prove whether the increase is realistic. In
this paper we regard CD as constant, noting as in the case of our other

assumptions, that the conclusions will have to be modified should later data
show that this step of convenience affects the outcome of the calculations
materially. .

Combining equations (10) and (11)
2

rvy = const.
or ,

vgrl/ 2 - const,. (12)
This relation gives a good approximation of v _-r profiles found by investiga-

(4]
tors of many tropical storms around the globe.

At the radius of maximum wind, T the inner boundary condition demands
that the tangential speed Voi must be the same for inflow and outflow,

Therefore, evaluating the constant in equation (12) at vg = vgi, r = ri, and

combining with equation (8), the radius of innermost penetration of the in-
flow is given by

, (13)

where Yoo is the tangential.velocity component of the inflow at r = T, The

associated maximum speed

TS  mme e




V.. = . (1)

Figure 4 shows r, and v,. as functions of r_ and v, . We see, for a given
i ei o] Qo

value of T that rs decreases with increasing Voo and that Vai increases
correspondingly. This result is requisite since more momentum must be given

off to the ocean with increasing values of Yoo

Both r, and v..
i ei

have been plotted against latitude in figure 5 for ro = 200 km., v

are dependent on latitude. As example, these quantities

0o = 20 m. /

sec. Holding this outer boundary condition constant, the eye radius widens
and the central speed diminishes as latitude increases. This is in accord
with observations. The reason for the relation stems from the fact that the
inflow angle, for given on and ro, decreases with latitude. As a result, the

trajectory winds inward more slowly at high than at low latitudes and the in-
ward penetration required to effect the transfer of momentum to the ocean is

smaller.
L., KINETIC ENERGY COMPUTATICNS

As our next step we shall determine the height gradient of isobaric sur-
faces in inflow and outflow layers between r. and o For the outflow this

quantity is readily given if the kinetic energy equation for steady, friction-
less flow is determined from equations (2) and (3) with the assumptions previ-
ously stated. Then, choosing isobaric coordinates,
2
Voi
s— =& (b, - ) > (15)

where the subscript u denotes the upper layer.

For the inflow we have, from equation (12),

o 2 T4

Yo TVeiT -
Entering this expression in equation (5)

L25_  m

eire‘g'SF'

Since h is a function of r alme in this expression, we may integrate between
r, and r . Then
i 0 .



SRt o e —

r=10km r=20 km £=40 km

V9'=60 misec
20k V9i=40 misec
) 80 misec
g N
@
£ V=20 misec
o
® r
‘.—-0. 25
10} 0 ‘
7, '
/’,,
0 ] L N 2 . i ) L N 1 1
100 200 300

i (Km)

Figure 4. - Maximum speed (Vgi) and width of eye

(ri) as function of r_and v, at latitude 28°,

Voi (misec)
40 60 80 100
35}
Voi r
S 30r
. (V]
T
[ L
D 25
Figure 5. - Maximum speed (vgi) =
and width of eye (ri) as func- 5 20}
tion of latitude for r, = 200
km., vy, = 20 m. /sec. 15k

02630660




10

and, for r, <<ro ’

2
Vigr =8 ( by =B

)

)y (16)

i
where the subscriptlf denotes the lower layer.

Comparing both layérs, the slope of an isobaric surface in the outflow
is just half of that in the inflow layer. Since ho - hi measures the produc-

tion of kinetic energy it follows that, in the inflow, half of the pressure
work done is actually used to generate kinetic energy, while the other half
is needed to balance frictional dissipation. This is an outcome of the anal-
¥ysis which can be tested, at least within limits, from observations. All
hurricanes approaching the coast of the United States since 1940 were examined
as to the availability of off-shore or coastal lighthouse observations that
could be used to construct surface air trajectories from the periphery into a
hurricane center. An essential criterion was the existence of & wind and
pressure observation near the ring of strongest wind, or ability to assign a
central pressure and maximum wind from other information such as aircraft re-
connaissance reports. Usable trajectories could be constructed for only four
storms:

September 1%-15, 1945, off southeastern Florida (2 tréjectories)
July 2k, 1959, off Texas coast (2 trajectories)

September 9-10,1960, off Florida Keys (1 trajectory)

September 26, 1958, off Carolina coast (1 trajectory).

Figure 6 shows the relation between production and actual generation of
kinetic energy for these six trajectories. Clearly, the 2:1 ratio of produc-
tion to actual generation holds well. Though figure 6 applies to individual
trajectories rather than to averages around hurricanes, the good fit never-
theless may be cited in support of equation (16).

5. RADTAL TEMPERATURE DISTRIBUTION

We are now 1in a position to approach the core of the problems posed in
the Introduction. From equations (15) and (16)

(ho - hi)£v= 2 ( h, -hi)u .

befining D= hu - Q& » the thickness between isobaric surfaces,
- = -1 -
Do = Dy = (ho'hi)u" 5 (b, - By)y .

A
If T is the mean virtual temperature between two isobaric surfaces, variation
of the hydrostatic relation between two constant pressure surfaces yields

A -
) g@_g}g (b -my)
A == é ’
T D :
where the "hat" denotes mean values between inflow and outflow layers and &
is defined positive toward decreasing radius. Using now equation (15)
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Figure 6. - Correlation between production of kinetic energy

by pressure work (ordinate) against actual increase of
kinetic energy of air (abscissa) as computed from trajec-
tory calculations using lighthouse data near the United
States coast for the indicated hurricanes.

4 1/2
Vei = (2 g '&’—\ 5 T) (17)
and
A
Voi = 27 (6T)l/2, (18)

A A
when D = 10 km., T = 270°K., and Voi is expressed in m./sec. From equation

(18) a temperature rise of only 1°K. will be associated with tropical storm
speeds, showing the importance of even small temperature variations for
tropical cyclones. However, because of the square-root relation, a 50 m./
sec. storm requires a L°K. temperature difference, while for an extreme
typhoon of 100 m./sec., 14°K. is needed. Herewith, an upper limit of hurri-
cane intensity and the difficulty in producing extreme hurricanes is clearly
indicated, since the oceanic heat source must be relied upon to generate the
required mean temperature difference.
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Next we shall relate maximum wind and 86, with equation (1). Converting
pressure gradient to height gradient of an isobaric surface in the inflow
layer,

-gpd %l =2.5%x lO3 o] Oe P

where the factor of 105 is needed to convert equation (1) to cgs units.
Then
go (n -h), =25% 10° (0_, - 9,,)

and ,
2 2 6 :
v =V =2X 10 (Oei - eeo) (19)
using standard density. Finally,
v.. [m./sec.] =141 (6 . -9 )1/2 (20)
ei : : ei eo ’

where it should be mentioned again that Ge is the tropospheric mean value

whereas % in equation (18) refers to the thickness between inflow and out-
flow layers.

Equation (20) is gréphed in figure 7 where Oe, p', and 128 scales also
nave been added for entering actual storm data. The Oe values for four

hurricanes, excluding Donna, are taken from figure 1; the method for comput-
ing Vhax is described in the last section of this paper. A1l observed points

1ie to the left of the theoretical values, indicating that the hurricanes
failed to attain the central wind speeds demanded by'the model. However,
verification to the right of the dashed line is considered good, especially
when one notes that all verifying winds were obtained by aircraft flying
well above the main surface inflow layer. While the tangential component in
hurricanss is fairly constant through the lower 20,000 ft. there is neverthe-
less, some decrease so that vﬁax actually measured at, say, 3,000.ft. eleva-

'tion should have been closer to the values demanded by figure 7.

The several hurricanes will be discussed in more detail later, when the
large departures of maximum wind from the predicted maximum for Cleo and
for Carrie(September 15) will also be examined. For the present it. may be of
interest to observe that tropical storm intensity (V’max = 20 m./sec.) is in-

dicated for Qe = 352°%K., P, = 1000 mb. Such values of Oe and p, are produced

when the mean tropical atmosphere of sumner is replaced by an atmosphere
corresponding to the parcel ascent of undisturbed trade wind air (Riehl [10]).
Tae therefore mark a threshold; coincidence of these threshold values with
cyclones of tropical storm intensity in steady state have been observed on
numerous occasions. For lower pressure and hurricane force winds the oceanic
heat source must be responsible as indicated by a rise of Gg above 3502352°K.
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6. HEAT SORCE AND MOMENTUM SINK

Radial motion: Integrating equation (9) over a shallow inflow layer of
thickness dz, over which€ is taken as constant,

al(t) - :L(to) = const. (t - to).

We shall set t =t at r = r . There the momentum isv, r + fr 2/2. Ir
o o} Qo "o o

the inflow reaches r = r, at time t, its momentum there will be fr02/2 from

equation (7). Thus a (t) - 11(t0) = - r . The time needed for air to

v
0o
pass from r_ to r; may now be computed after introducing equation (11) into

the constant and setting t = 0 at r = ro. Then
t[hours] = 100/v, , . (21) f

whereCp = 2.5 x 10-3, Az =1 kn}; and Vg, 1s expressed in m./sec. This in-

teresting relation states that the stronger the peripheral tangential velocity

component,the shorter the time needed for air to pass from r, to r,. For Yoo

= 10 m./sec., t = 10 hours; for v. = 20 m./sec., t = 5 hours. Since, hold-

ing r, and f constant, r, decreases and Voi increases with Voo? @ strong j

storm requires a faster mass circulation through it than a weak storm. i

It is of interest to determine whether the fast mass circulation is al-
ready found at r_ and therewith enters into the boundary conditions. The
space-time relation is obtained by differentiating equation (9) after substi-
tuting for v, from equation (12) and for the surface stress from equation

(11) Thus, °
2 2 C
a fro 4 /2 1/2 fry  “p 2
at (er 3 ) = at (vOo o T F3 ) = "4z Yo Yoo - :
Differentiating and solving for dt, i
- |
Az r 1/2 fr i
, - [ + ].dr = at, (22)
' CD 2rl/2v rv 2
o oo o 0o

where dr here is taken from an outer toward an inner radius. Defining dr/dt
= V. and evaluating at Lo : '
C 2r v 2 ‘
v = e ——2 L0 (23) |
ro Az v, +2r7f°’ 3
. 0 o

where Vo denotes the radial velocity at L C'learly,Avro will increase with

Yoo For example, take ry = 200 km., Voo™ 15 m./sec., which is close to the

values observed in several storms. Then Vo = T 4 m./sec. and the inflow

i
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angle & = 16°. This angle is near the average found by Ausman [1] for six
hurricanes of 1954 and 1955. Given r, = 200 km. and Voo = 20 m./sec., Vo =
-10m. /sec. and & = 26°. From computations of V. and & along several trajec-

tories with equation (22) it is found thater at first is constant and then
decreases. Mean values of 10°-20° are obtained for the practical range indi-
cated by observations in storms. Thus the approximation cos & = 1, made ear-
lier, is Jjustified.

Equation (23) may be tested further by relating V.o b0 central pressure.

For this purpose vro was computed at r, = 200 km. for values of Yoo ranging
from 10 to 20 m./sec. This corresponds to a range of Voi from 20 to 80 m./
sec. at latitude 20°. Using equations (1) and (19) the associated central

pressure depression was found. Then this pressure depression was plotted
against radial mass flow represented by Vroro' We may compare the reéult with
@ correlation between mass inflow and central pressure determined empirically
by Kruéger [6]. PFigure 8 shows the comparison after conversion of dp to P,

by setting our value equal to Krueger's at 965 mb. Although the Possibility
of a best fit with a curve rather than with a straight line was recognized at
the time of Krueger's study,  Krueger chose a linear regression lacking a
physical hypothesis for s higher order solution. As evident from figure 8,
our curve fits the data well and gives a better approximation than the
straight line. It may be added that checks performed on the Krueger correla-
tion with storm inflow data subsequent to 1955 have given generally satisfac-
tory results.

Criterion for steady-state hurricane: As mentioned in the Introduction, ‘a
particular relation must exist between heat source and momentum sink in the

state. Enhancement of transfer coefficients apart, the momentum sink is pro-
portional to v92 (equation 11), while the heat source is proportional to Y

again setting cos & = 1. Hence it should not be possible to obtain a steady
storm for any conbination of ro and vgo. This question will now be investi-
gated.

The total heat source Qa over a trajectory with duration (t2 - tl), fol-

lowing turbulence theory, is

2
P CD cp

%, = “p J(ge2 - 9gy) edz = cos & & Vg dt, (24)

%

if the heat gained from the ocean is obtained in the inflow layer. In equa-
tion (24) E. = (TW - Ta) + L/cP (qw - qa), vhere T  and q, are temperature and

specific humidity at the sea surface; Té and qa are the same quantities at
ship's deck level, and I is latent heat of evaporation. From brevious work
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Figure 8. - Curve relating mass inflow (equation (23))
and central pressure. Data for six hurricanes and
linear regression line from Krueger [6].

- (cf. Malkus and Riehl [71) Ta - Tw approaches a constant value of about 2° -
- 3%K. at pressures roughly below 995-1000 mb. » so that the inward-moving air

expands isothermally. The specific humidity difference qw -9 slowly de-

creases inward as the moisture in the inflow increases. Within the limits
here desired it will suffice to treat E parametrically, although an analytic
expression could be formulated. This is not considered profitable until much
improved knowledge on the actual air-sea heat and moisture exchange is obtain-
ed. With the assumption thatE may be treated as constant over the inner re-

gion and holding © e ~ Oel constant over 5z,

C
D
Op = 91 = EEva at , (25)

where the small difference between p and Ps also has been neglected. As




‘choose here an average value of v@h = 25 m./sec. at radius r = r
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seen from figure 7 and other known cases, the wind speed corresponding to
pressures of 995-1000 mb. roughly lies in the range of 20-30 m, / sec. We shall

h? determined

graphically, where equation (25) is assumed to become valid. Of course, there
is heat flow from the ocean at lower speeds; the heat source is not likely to
have a sudden onset at some threshold value of wind speed. However, this out-
er heat source is small compared to the inner heat source in hurricanes, and
it has not been explored theoretically. For the purpose here at issue --
whether or not large heat exchange will materialize in the interior -- it ap-
pears justified to neglect the outer heat source.

We can now integrate equation (25) from T, to ry substituting for o

from equation (12) and for dt from equation (22). Then .

r
1 h K 2
%1 = Oy E[E,enr—i+§ e 1. (26)
6h "h
We may neglecﬂl‘xriB/2 compared to rh3/2 for all but very small differences be-
tween r, and r;. Introducing equation (19)

T fr
v9.2 =10°E [fn B+ 2 81, (21)

1 s 2 Von

where‘vQi is expressed in m./sec. This relation gives the maximum speed as
obtained through the operation of the heat source. Results are to be compared
oi 28 required by equation (1%). We may find that Vg @8 demanded b&
momentum balance exceeds the maximum speed that can be provided by the heat

with v

source. ' Then steady state cannot exist. Conversely, when air arrives at r,
with greater Voi through the heat source than is needed for momentum balance,
the steady state condition again is violated. For each f and r, there is only

a single value of v

0o Which permits steady state (fig. 9).

For the construction of figure 9 we have chosen E = 12.5°K. using TW -
T, = 2.5%. and q_ - q, = ke /kg. as found in hurricane Daisy (1958) in the

inner area. This value of E will be applied to all storms. Evidently, some
variation of results can be obtained depending on the choice of the air-sea

interaction parameters Von and E.

P (rh5/2 _ ria/e) ‘
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Vo1 =80 misec
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Vi =40 m/sec
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Figure 9, - Limiting curve for ro and vQo

i satisfying steady state condition (heavy)
g ' and maximum speeds at latitude 28° from
figure 4,

7. EXAMINATION OF HURRICANE CASES

In the Atlantic hurricane area the number of situations with sufficient
observations for testing the validity of the model bresented is very small
indeed. Data sources are the research flights made by the National Hurricane
Research Project and the observations of the West Indies rawinsonde network.
Only the following days qualify for a check:

Carrie (September 15 and 17, 1957)
' Daisy (August 25 and 27, 1958)

Cleo (August 18, 1958)

Helene (September 26, 1958)

Donna (September 7, 1960)

. The symmetrical part of the velocity distribution was determined as

i follows. In general, aircraft flying in the low and middle troposphere made
i radial passes through hurricanes aiming to obtain "clover leaves" with three
x symmetrically spaced radial cross sections. Some missions were beautifully

' executed; on others the flight plan could not be executed fully for a variety
i of reasons. The cases cited above had sufficiently well distributed radial

[ legs for quantitative evaluation, Information on the upper troposphere was

ﬁ supplied by missions of B-47 aircraft flying at 235-250 mb. as already men-

L tioned.
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Figure 10, - Tangential s
radius (n.mi.)
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field on October 2, 1959,

Along each flight leg detailed wind
Hurricane Research Project, were averaged over radial inte

Then a weighting factor was assigned to each leg depending

presented. Given, for instance,
150°, the weight of the middle le

100

peed (kt.) against
symmetrical part of wind

profiles, supplied by the National

on the area it re-

three legs with azimuth of 20°, 100°, and

weighting factors so defined, the mean wind speed for each
5 n.mi. was found and plotted on log-log paper against radius. Omitting min-
or wiggles, straight lines were fitted to the distribution
where a definite change of slope was in evidence. The profile for hurricane
Hannah (fig, 10) is an excellent example of wind distribution with slope that

fulfills equation (12) exactly,
"rotation with v /r = constant gave a good approximation to

o

g is (40° + 25°)/350° = .18, Using the

radial interval of

of points except

In passing, it may be mentioned that solid

tribution inside the ring of strongest wind in most cases.
has been noted variously in the literature.

Isotach analysis of maps was used onl
or 10 n.mi. when one or two legs were a little shorter t
hurricane Helene the maximum wind was established from a

the velocity dis-

Such a relation

bass, since the flight yielding most data did not penetrate inward of the 20
n.mi. radius. No high-tropospheric flights were conducted successfully in
hurricane Donna. But this storm passed through the West Indies rawinsonde

tribution could be determined
balloon data relative to the h

be used for specification of Yoo

ated well inside of ro.

to a first approximation by ¢
urricane center. Séveral dat

since the research flights

ompositing the
& sources had to
in general oper-



Lvéi from heat source = 100 kt. Herewith balance is obtained using the model \

Vdrag‘coefficients, calculated from the heat budget, which averaged substan-

20
Another difficulty lies in the fact that only a first approximation to
r, can be determined. The outflowing mass rises at least to ro, whereas the

missions are made on constant bressure surfaces. In hurricane Daisy for in-
stance, the Stokes stream function representing motion in the r-gz plane
showed ascent intersecting the B-47 flight level (Riehl and Malkus [11]).

We need to know Oe and the motion field in vertical cross section for precise

specification of . Excepting hurricane Daisy, however, the laborious con-

struction of such cross sections has not been undertaken. Hence we must make

a best estimate from rawinsonde or B-47 flight data noting that r, must be

equal to or smaller than the radius at which vg = 0 at the B-47 flight level,.

We now pass to the examination of individual cases; for this purpose we
shall adopt knots (kt.) and nautical miles (n.mi.) as speed and distance
units.

Hurricane Donna: This is the most severe hurricane investigated by NHRP
during the period 1956-62. Extreme winds close to 150 kt. were measured by
aircraft and also at landfall in the Florida Keys. On several days, notably
on September 7, 1950, research aircraft penetrated this hurricane. On that
day, the author investigated the storm in an A3-D Navy jet research plane at
pressure altitudes between 35,000 and 43,000 ft. Unfortunately the instru-
ments did not work properly, so that a reliable record was not obtained. As
the best obtainable substitute, the velocity distribution at 45,000 f£t. from
the 60 n.mi. radius outward, composited from the rawin data of the West
Indies network, is shown in figure 11. The pattern is rather spectacular
and typical of the upper wind field on which much of the reasoning in this
paper is based.

The level is high enough to have been crossed by the main outflow in the
region covered by data. We find that r = 140 n.mi.; from similar composit-
ing at 1,000 ft., Voo = 35 kt. The pro?ile of the tangential component of

velocity given by the aircraft data (fig. 12) is well approximated by equa-

tion (12). At r,» values of v, , as given by the 1,000-ft. winds and by

6o
extrapolation of the profile with slope of 0.5, differ only slightly. The i
following quantities are obtained: ri = 20 n.mi., Voi = 110 kt. r, = 90 n.mi.,

as closely as can be expected. Actually Donna continued to travel in steady ’
state until landfall on September 10,

Hurricane Daisy: This hurricane, moving slowly northward east of
Florida, was within easy reach of the NHRP aircraft; successful penetrations
were made on no less than four successive days. Riehl and Malkus [10] have
performed various balance ‘calculations for this case, including that of ab-
solute angular momentum. They found that on the day of peak intensity (August
27, 1958) it was necessary to postulate some export by small-scale lateral
stresses for balance. This postulate, however, was enforced by the use of:
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nmi.
Donna

45,000 ft winds (kn)

Figure 11. - Winds at 45,000 ft. (kt.) relative to hurricane Donna,
composited from West Indies rawin observations September 6-9,
1960. Inner radius 60 n.mi.; outer radius 300 n.mi.
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Figure 12. - Radial profile of tangential com-

ponent of velocity, hurricane Donna,
September 7, 1960,



e R .

22 .

100 e
80r
60_
- r
-~ | 0
g t
e | Slope: 0.36
20}
) 25 Aug 1958 5500 feet
Daisy:
27 Aug 1958 13000 feet
lo ' 1 1 1 ) 2 R T |
o} 20 30 40 50 100

r (nmi)

Figure 13. - Radial profiles of tangential component
of velocity for hurricane Daisy August 25 and 27,

1958.

tially below 2.5 x 10_5. As already noted, much uncertainty is attached to
such calculations since direct measurements of momentum transfer from air to
ocean in hurricanes have not been made. We shall now compute our parameters
with the present model which does not include lateral eddy momentum transport.

Flights in the lower troposphere were conducted by R. C. Gentry and the
author on August 25 and by R. H. Simpson on August 27. On both days the tan-

gential velocity component profile can be approximated by v = const (fig.13).

)

The slope was weak on August 25 when hurricane force was first attained; on
August 27 equation (12) holds. On that day (from fig. 26 in [11]) r_ = 100

n.mi. and v o = 30 kt. Then r= 11l n.mi., v.,, = 90 kt.,

0 oi Th
Vo

= 35 n.mi., and

i from heat source = 84 kt. Within the limits of the model, balance exists

approximately. It is of interest that Daisy's intensity began to diminish

almost immediately. A considerably weaker profile was measured on August 28

in the last mission into this hurricane by the author (fig. 1k).

Daisy is the only hurricane where, from [10] the relation between upper
and IYower height gradients can be partly checked. Between the 15 n.mi. and
80 n.mi. radii, which do not correspond exactly to rs and ro, the height dif-

ference was 350 m, in the layer surface to 900 mb., and 170 m, in the layer

from 400 to 200 mb., where, presumably, the main outflow occurred.
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Hurricane Helene: Successful missions into this hurricane were made on
September 2L, 25, and 26, 1958 as it approached the Carolina coast of the
United States from the southeast. The B-47 flew only on September 26, the
day of pesak intensity. R. C. Gentry conducted the missions of the lower air-
craft; this profile (fig. 15) again fits equation (12). The velocity distri-

bution from B-47 data extends to the 100 n.mi. radius. Extrapolating to Vg =

0, r, = 120 n.mi. For the lower atmosphere there were no data at this radius,

An approximation was obtained from the surface isotach analysis by Schauss
[12] for 0600 GMT, September 27, His data, for the eastern half of the storm,
yield Yoy = 36 kt., a value which fits extrapolation of the profile of figure
15. Accepting these values as best estimates, r, = 20 n,mi., Vo1 = 95 kt.

r, = 70 n.mi., Vg; from heat source = 94 kt. Again, there is balance. We

note, however, that the fit is a little poorer than in the two preceding
cases. The difficulties of proper estimation of boundary conditions may be
at fault, especially that of ro which is harder to obtain for Helene than for

Donna or Daisy. Judging from the radial temperature distribution measured by
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the B-47, the principal outflow layer must have crossed the flight level fair-
ly close to the eye; hence r  may well be overestimated.

In both Daisy and Helene the B-47 made successful passes through the
quadrant with strongest wind. Speeds of the strength measured at low levels
were not encountered in either case. Observed speeds indicate that the ring
of maximum wind had moved outward 3-4 n.mi. from ri when the air in the eye

- wall was crossed by the B-47.

*

Hurricane Carrie: This hurricane was investigated first by R. H. Simp-
son while it was moving northwestward south of Bermuda. Two days later, when
it was recurving toward east on a clockwise path around Bermuda, Simpson made
a second set of traverses. The B-47 data are rather weak and do not cover the

hurricane well. As a best estimate, Vg = 0 at r = 160 n.mi. on both days.

Again this may be an overestimate; but we shall accept it lacking more complete
data in the mass outflow. There are no observations measuring VGO; in this

case we must assume that the verl 2= const profile holds as far as ry A pro-

file with this slope is observed on September 17 and in the outer region on
September 15; the constant is the same on both days (fig. 16). The profile
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in the inner region is guite remarkable on September 15 though by no means
unique (found, for instance, i? Esther of 1961). The hurricane although ap-
parently approaching the vgrl 2 profile, for some reason had not achieved it

at the time of the measurements.

Given r = 160n.mi. , Voo = 38 kt. Parameters are as follows on September

15: ry =33 nmi., v, = 80 kt., T, = 90 n.mi., Vg from heat source = 90 kt.

From these calculations and the slope of the profile in figure 16 we may sup-
pose that the hurricane is not in steady state; the model, of course, does

not predict what changes will occur. Actually the outer velocity field propa-
gated inward during the next two days while the inner maximum died out. By
September 17 a profile corresponding closely to the model had been established;
this includes all parameters,

Hurricane Cleo: This hurricane was recurving into the westerlies in the
Atlantic east of Bermuda on a fairly rapid northward path when it was inter-
cepted by N. E. IaSeur on August 18, 1958 near 35°N. A highly successful
three-level mission was conducted that day. From the B-47 record the best
estimate for ro is 120 n.mi. With only a short extrapolation of the lower

tangential speed profile (fig. 17) LT 36 kt. The profile of figure 17 re-

sembles that of Carrie fo? September 15, 1957. Again we see a tendency for
establishment of the vgrl 2 profile in the outer region, which is unable to

penetrate inward and produce a really strong hurricane. At the radius of
strongest wind the symmetrical part of the wvelocity field falls short of hur-
ricane intensity by a good margin; observed maximum speeds were somewhat above
80 kt. Our computations are hardly applicable to this case since the location
of r, is not determined entirely by the processes postulated in this paper.

Nevertheless, as a matter of interest, we obtain ri = 30 n.mi, in view of the

high latitude and v.. = 75 kt. Because of the proximity of r, to the terminal

el h
radius of the outer profile, the heat source calculation is best omitted. No
doubt, however, there was a substantial oceanic heat source acting in the sec-
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tor with hurricane-force wind. On the whole it is clear that the structure of
Cleo is not explained by the model.

8. SUMMARY

The observed and computed quantities Jjust described for six hurricane days
are summarized in Table 1. In these cases and in others (figs.10, 14) the v .-
profile could be fitted readily with a straight line with slope of 0.5. This
fact was not known when equations (10) and (12) were first considered for the
model. Validity of the principle of conservation of potential vorticity ap-
pears to be rather well demonstrated.

Computed values of r, are somewhat larger than thoseobtained from the S

profiles. The differences, hardly significant on four days, could stem from

overestimates of ro Calculated values of Voi from the heat source fall some-

what short of observed values on the four days with approximate balance. In

view of the somewhat arbitrary choice of Yo and E it is not advisable to make

further deductions about the differences between observed and computed maximum
wind, although table 1 contains some material for speculation.

On the whole the crude model studied gives a rather fair approximation to
four out of six hurricanes, especially the strong ones. Additional evidence,
given in figures 1 and 6-8, supports the model. It is seen that symnetrical
vortex calculations are useful for describing some important structural fea-
tures of certain fully developed hurricanes. It must be emphasized that a com-
plete theory has not been attempted. For that, it would be necessary to in-
clude important features of the asymmetric part of hurricane structure, such as
those noted by Gray [2].

Because of the role assigned to the outer boundary condition in the model
it will be of interest to study to what extent variations on that boundary are
related to variations in hurricane intensity. Changes on the boundary may be
impressed by neighboring circulations, especially those outside the Tropics.
From empirical studies the author has formed the opinion that hurricanes cannot
be regarded as fully isolated vortices and that they may be influenced strongly
by external circulation (for instance, see Riehl [9]). Further computations on
this subject are in progress.

Table 1. - Summary of hurricane parameters.

. Observed Computed Slope of
o Yeo i Vei |Ti Vei Vei v,-profile
n.mi. kt. n.mi. kt. (mom. ) (heat)
Donna, Sept. 7, 1950 140 38 18 110 {20 110 100 0.5
Daisy, Aug. 27, 1958 100 30 10 95 | 11 90 8l 0.5
Helene, Sept.26, 1958 120 3 17 105 | 20 95 ok 0.5
Carrie, Sept.1l5, 1957 160 38 21 75 | 33 80 90
Carrie, Sept.l7, 1957 160 38 35 77 |37 15 T3 0.5
Cleo, Aug. 18, 1958 120 36 21 s8 13 75 --
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